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Problem Statement

A method for computing total curvature of 
triangle meshes or point clouds, while 

avoiding the calculation of the shape operator

The Output

The Input

How the calculation works
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Problem Statement

input  
(triangle mesh)

output  
(total curvature)

output  
(total curvature)

input  
(point cloud)
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Problem Statement

* figure of normal curvature stolen from NYU lecture slides (Daniele’s GP course)

Minimal Curvature

Maximal Curvature κ2 = κmax = max
ϕ

κn(ϕ)

κ1 = κmin = min
ϕ

κn(ϕ)

Background: Surface Curvature
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Problem Statement
Background: Surface Curvature

Problem Statement

low curvature high curvature

Gaussian curvature energy
abs(K) = ∥κ1 ⋅ κ2∥

bending energy

Eb = (
k1 + k2

2
)2

total curvature energy
κT = κ2

1 + κ2
2

4locally, these two are not the same



Problem Statement
Background: Surface Curvature

Problem Statement

Gaussian curvature vanishes  
on cones/cylinders
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Problem Statement
Background: Surface Curvature

Problem Statement

Mean curvature / bending energy 
vanishes on minimal surfaces

total curvature of the Gyroid 6

Total curvature is the winner, 
as it only vanishes on planes!



Previous Methods

1. (Fit a continuous surface.) 
2. Estimate the shape operator. 
3. Carry out eigen decomposition of the shape operator. 
4. Take the sum of square 

Standard procedure for total curvature estimation……
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Previous Methods
Triangle Meshes
[Taubin 1995]

Mp =
1

2π ∫
π

−π
κθ ⃗tθ ⃗t T

θ dθ

Taubin Matrix (a 3x3 matrix)

⃗t1 ⃗t2

Taubin’s Observations:

Eigenvectors of the matrix are ⃗n

Eigenvalues of the matrix are

3
8

κmin +
1
8

κmax
1
8

κmin +
3
8

κmax
But we don’t pre-know the normal 
curvatures. There is no way to 
accurately calculate the Taubin Matrix. 
Estimating the matrix is nontrivial and 
introduces errors.
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Previous Methods
Point Clouds
Using Covariance Matrix

if your samples are regularly distributed

if your samples irregularly distributed

• Find it’s KNN
For each sample in the point set:

• Calculate the covariance matrix

• Perform PCA to the covariance matrix

• Normalize the eigenvalues

9



Previous Methods

• Estimating the shape operator is error-prone.  

• Normalization is non-trivial. 

Previous methods are less desirable……

Our objective is simpler……

• Our goal is simpler, just the total curvature.  

• We don’t really need to know the exact values of the principal curvatures.
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Our Method

total curvature

κT = ∫T
(κ2

1 + κ2
2)dp

κT = ∫T
∥dN∥2
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Our Method

Curvature can be considered as how quickly does the surface normal change.

In mathematics, Dirichlet energy is a measure of how variable a function is.

κT = ∫T
∥∇N∥2 Dirichlet energy of Gauss Map

normal field (Gauss Map) gradient
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Our Method

κT = ∫T
∥∇N∥2 Dirichlet energy of Gauss Map

We love Dirichlet energy here. Because we know exactly how to calculate 

it, and that would be with the stiffness matrix (cotangent Laplacian).

κT = trace(NT ⋅ S ⋅ N)
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Our Method

• How to calculate the Laplacian? 

• How to estimate the normal?

κT = trace(N ⋅ S ⋅ NT)

The estimation of discrete total curvature boils down to two questions:
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Performance
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Performance

RMSE between ground truth and estimation of total curvature on 
regular triangulations of the sphere and torus at different resolutions.
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feature-preserving mesh decimation

Performance
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feature-preserving mesh decimation

Applications

using libigl curvature using our curvature 18



feature-preserving mesh decimation

Hausdorff distance between feature-aware decimated mesh and the original mesh for the bunny 
(top), cow (middle), and armadillo man (bottom) models.

Performance
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Performance

Aforementioned experiments are handling triangle meshes
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To handle point clouds,

• We use Open3D to calculate the normals of the  point cloud.  

• We use [Belkin et. al. 2009] to calculate the Laplacian 

Hoppe, Hugues, Tony DeRose, Tom Duchamp, John McDonald, and Werner Stuetzle. "Surface reconstruction from unorganized points."  
In Proceedings of the 19th annual conference on computer graphics and interactive techniques, pp. 71-78. 1992.

Metzer, Gal, Rana Hanocka, Denis Zorin, Raja Giryes, Daniele Panozzo, and Daniel Cohen-Or. "Orienting point clouds with 
dipole propagation." ACM Transactions on Graphics (TOG) 40, no. 4 (2021): 1-14.

It should be noted that, local triangulation is enough 
for our total curvature-estimation algorithm.



Performance
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Performance

RMSE between ground truth curvature and estimated curvature on point clouds for 
the knot (top) and torus (bottom) models.  
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Performance

ground truth PCL CGAL ours

ground truth PCL CGAL ours 23



PerformanceApplications

feature-preserving mesh decimation
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PerformanceApplications

feature-preserving surface reconstruction

ground truth Screened PoissonRecon
Screened PoissonRecon with 
curvature-modulated weights 25



Performance

feature-preserving surface reconstruction
Screened PoissonRecon

smaller

larger

low 
curvature

high 
curvature

w1

w1

Input: oriented point cloud

Output: watertight surface

The energy:

Applications
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Performance

feature-preserving point cloud simplification

Applications

all the points 10 percent of the points 3 percent of the points
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Challenges & Opportunities

skinny triangles

Sharp, Nicholas, and Keenan Crane. "A laplacian for nonmanifold triangle 
meshes." Computer Graphics Forum. Vol. 39. No. 5. 2020. 28



Challenges & Opportunities

skinny triangles
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ChallengesSummary

A simple method

Can calculate total curvature for both triangle meshes and point clouds

Can benefit multiple applications, including decimation and reconstruction

Meshlab

TotalCurvature 
Calculator

construct  
Taubin matrix

eigen  
decomposition

derive principal curvatures  
from eigenvalues

calculate  
total curvature

Gauss map

Cotangent  
Laplacian matrix multiplication  

from linear algebra
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Software
— style source code

Dependencies:

Compilation verified on:

— style source code

Dependencies:

Compilation verified on:
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Thank You!


